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In this article we are concerned with digraphs in which any two vertices are on a 
common cycle. For example, we prove that, in a strong digraph of order n and half 
degrees at least 2 with at least n2 - 5n + 15 arcs, any two vertices are on a common 
cycle. We also consider related properties and give suhicient conditions on half 
degrees and the number of arcs to insure these properties. In particular, we show 
that every digraph of order n with half degrees at least r and with at least 
$ - m + rz arcs is 2-linked. <G 1985 Academic Press, Inc 
1. INTRODUCTION 
In this paper we investigate digraphs in which any two vertices are on a 
common cycle (we call such a digraph 2-cyclic). We also consider other 
properties which imply the Z-cyclic one, and derive a number of results on 
digraphs with these properties. It seems to us that more knowledge on the 
2-cyclic property can be useful to obtain new results about cycles in 
digraphs (see, e.g., Conjecture 2.3.4 of [4]). In this article we are also 
interested in properties which imply the 2-cyclic one. 
We will use standard terminology (e.g., see [2 or 41). Without other 
specifications, D denotes a digraph of order n with vertex set V(D) and arc 
set E(D). If s is a vertex of D, D -x denotes the digraph obtained from D 
by deleting x. A path with origin vertex x and end vertex y is denoted by 
.Y 4 y. All paths and cycles considered here are elementary. We will now 
introduce the different notions we use in the paper. 
A digraph is k-finked if for every family of 2k not necessarily distinct ver- 
tices xi, x2,..., xk, y,, y2,..., yk there exist k internally vertex disjoint paths 
x, + yj, 1 < id k. The k-linked digraphs are a particular case of k-cyclic 
digraphs, which are digraphs such that every set of k vertices is contained 
in a cycle. 
The notion of k-linked digraphs was introduced as a generalization of 
the_ one used for undirected graphs (see [8], where some results on NP- 
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completeness are mentioned). The k-linked digraphs are not characterized; 
it is not known whether there exists a functionf(k) such that everyS(k)- 
connected digraph is k-linked (or even k-cyclic). Examples have been given 
for 5-connected non 2-cyclic digraphs [4, p. 111. 
We will say that a digraph D has property (T) if, for any three vertices a, 
b, c in D there exists a path a + b + c from a to c containing b. Notice that 
a 2-linked digraph has property (T) and that a digraph which has property 
(7’) is 2-cyclic. Let us recall that a digraph D of order n is said to be 
(strongly) hamiltonian-connected if for every two vertices a and b in D there 
exists a path of length n - 1 from a to b. (In the following, we will omit 
“strongly” since we always deal with digraphs.) 
We can summarize obvious implications between all these properties by 
the following diagram in which we indicate the only possible implications 
except those obtained by transitivity. 
Z-connected 
\ 
Z-linked d CT) > Z-cyclic __j strong 
hamiltonian => hamiltonian 
connected 
In Section 2 we will give sufficient conditions on half degrees to insure 
that a digraph D has one of the above properties. In Section 3 we are 
interested in conditions involving both half degrees and the number of arcs 
for digraphs which do not satisfy the conditions of Section 2. In order for 
Sections 2 and 3 not to be too tedious, we give the longest proofs in Sec- 
tion 4. In the figures two oppositely oriented arcs joining the same vertices 
will be represented by an undirected edge. 
2. CONDITIONS INVOLVING DEGREES 
Let us recall the well-known theorem of Meyniel [S]: 
2.1. THEOREM. If D is a strong digraph such that for every pair of non- 
adjacent vertices x and y, d(x) + d(y) 3 2n - 1, then D is hamiltonian. 
The example given in [4, p. 41, to show that this theorem is best possible 
also shows that the same conditions are best possible to insure a digraph to 
be 2-cyclic. 
Let us remark that no conditions involving degrees of nonadjacent 
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vertices is sufficient to insure that a strong digraph is 2-linked or 
hamiltonian-connected or has property (T) in view of the digraph con- 
sisting of a complete symmetric digraph on n - 1 vertices and an extra ver- 
tex x joined in the same direction to all the other vertices and in both 
directions to only one vertex. 
A problem that remains open is to find conditions on the total degrees of 
a digraph with higher connectivity to insure it to have one of the properties 
we study here. (In particular for hamiltonian-connected digraphs see [4, 
p. 143.) The digraphs given in Remark 3.8 later show that there exist 3-con- 
netted digraphs of order n and minimum degree at least n + 2 which are 
not 2-linked. 
Conditions on half degrees are easy to get. It is a simple exercise to prove 
that a digraph D such that for every vertex x, d+(x) 3 (n - 1)/2, 
d- (x) 2 (n - 1)/2, is strong. 
The following theorem is a consequence of Meyniel’s theorem (see [2, 
p. 1941). 
2.2. THEOREM (Nash-Williams, 1969). Zf D is a digraph of order n such 
that for every vertex x, d + (x) >, n/2, d- (x) 2 n/2, then D is hamiltonian and 
thus 2-cyclic. 
This theorem is best possible in view of the digraph consisting of two 
complete digraphs on, respectively, rn/2] and r(n + 1)/2] vertices with 
exactly one vertex in common. However, with respect to the 2-cyclic 
property, we can specialize it to the following: 
2.3. Remark. Let D be a digraph of order n such that for every vertex 
X, d+ (x) z n/2, d- (x) > n/2, then any two vertices are on a common cycle 
of length at most 4. 
Indeed, it is easy to see that any two adjacent vertices are on a common 
cycle of length 2 or 3 and that any two nonadjacent vertices are on a com- 
mon cycle of length 4. The following theorem, obtained as a corollary of 
Theorem 2.2, can be found in [2, p. 1951. 
2.4. THEOREM. If D is a digraph of order n such that for every vertex x, 
d + (x ) >/ (n + 1)/2, d - (x) 2 (n + 1)/2, then D is hamiltonian-connected. 
This theorem is best possible in view of the complete bipartite digraph 
KTo, - 1)/2l-L~n+1)/2~' 
However, if we just want D to have property (T) we can prove the 
following theorem, the proof of which is given in the Appendix. 
2.5. THEOREM. If D is a digraph of order n such that, for every vertex x, 
d+ (x) > n/2, d- (x) 2 n/2, then D has property (T) except ifn is even and D 
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FIGURE 1 
is isomorphic to the digraph of Fig. 1, or any of its subdigraph obtained by 
deleting some of the arcs (c, d), (d, a), or (c, a). 
This theorem is also best possible for n odd in view of the digraph con- 
sisting of two complete digraphs on, respectively, (n - 1)/2 and (n + 1)/2 
vertices with exactly one vertex in common. 
Finally, if we want D to be 24inked, we have the following: 
2.6. THEOREM. If D is a digraph of order n such that for every vertex x, 
d+(x) > (n + 2)/2, d-(x) > (n + 2)/2 then D is 24nked. 
This theorem is best possible in view of the following digraphs: 
Case n even 
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Case n odd 
(No disjoint paths from a to a’ and from b to b’.) 
ProoJ Let us consider four vertices a, a’, 6, 6’ and let us show that 
there are no internally disjoint paths a + a’ and b + b’. The hypothesis 
implies that, for any three vertices x, y, z of D and any vertex t of 
D-x-y-z, d,+-,-,~Z(t)~(n-4)/2 and d,_,~,_.(t)~(n-4)/2. So 
D - x - y -z is strong and D is 4-connected. Thus we can assume a # a’ 
and (a, a’) 4 W), otherwise the result is immediate. As 
Ir+(a)nf -(a’)[ 24 there exists at least one vertex c in 
r + (a) n r- (a’) - (b, b’ 1. Since D - c is 3-connected, there exists at least 
one path from b to b’ in D-c disjoint from (a, a’} except possibly at its 
extremities. 1 
2.7. Remark. In fact the conclusions of Theorems 2.2, 2.4, 2.6 remain 
valid if D only verifies that, for every pair of vertices x and y such that 
(x, y) is not and arc of D, d+(x)+d-(y)> f(n), wheref(n) is precisely: 
-f(n)=n to assure that D is hamiltonian (Woodall [9]) and thus 2- 
cyclic, 
--f(n) = n + 1 to assure that D is hamiltonian-connected (Overbeck- 
Larisch [7]) and thus verify (T), 
-f(n) =n + 2 to assure that D is 2-linked (same proof as 
Theorem 2.6). 
3. CONDITIONS INVOLVING THE NUMBER OF ARCS 
Now if we want to consider digraphs with half degrees lower than the 
ones given in the previous theorems, we must add some further conditions 
in order to obtain the same conclusions. In particular, we will consider 
conditions based on the minimum number of arcs. Conditions of this type 
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have been considered by Amar, Fournier, and Germa [ 11, who proved the 
following: 
3.1. THEOREM [ 11. Zf D is digraph of order n, such that for every vertex 
x, d+(x)>,r, d-(x)>:, and (E(D)\ >n2-(r+2)n+(r+1)2+1, then D is 
hamiltonian. 
These conditions, which also imply that D is 2-cyclic, are best possible 
for n 2 2r + 2 in view of the following example which has 
n* - (r + 2)n + (r + 1)2 arcs and is not 2-cyclic: 
If, moreover, we assume that D is strong, the previous conditions remain 
best possible if n >, 2r + 2 for D to be hamiltonian in view of the following 
strong digraph which has n2 - (r + 2)n+ (r+ 1)2 arcs and is not 
hamiltonian: 
(S r+1 = stable set of order r + 1.) However, for r > 1 this digraph is 2- 
cyclic. In fact, in this case we have the following conjecture: 
3.2. Conjecture. If D is a strong digraph of order n such that for every 
vertex x, d+(x)>r, d-(x)>r, with r> 1, and JE(D)J >n2-n(r+3)+r2+ 
3r + 5, then D is 2-cyclic. 
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These conditions would be best possible for n > 2r + 3 in view of the 
following strong digraph D(r): 
(D(r) is composed of 2 complete digraphs Kf, I and K,*- z _ r with a com- 
mon vertex and two extra vertices b and c. D(r) has all arcs from the ver- 
tices of K,*- z ~ r to all the other vertices and ail arcs from b and c to the 
vertices of Kr*, , . ) This conjecture is true for r = 2 in view of the following 
theorem (proved in the Appendix). 
3.3. THEOREM. If D is a strong digraph of order n such that for every x, 
d+(x)>2, d&(x)>2, and IE(D)I 3n2-5n+ 15, then D is 2-cyclic. 
Notice that the digraph D(r) is not r-connected. We think that, if we 
assume D to be r-connected, the bound on 1 E(D)( in Conjecture 3.2 can be 
decreased. Indeed, for r = 2 we do not know any 2-connected and not 2- 
cyclic digraph with more arcs than the following digraph which has 
n2-6n-t 19 arcs: 
(where a and c are not a common cycle). 
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Remark. In fact, with the hypothesis of Theorem 3.3, we can show more 
precisely that any two vertices are on a common cycle of length Z, 164 or 
1 B n - 4. (This results from a simple calculus on the number of arcs of a 
digraph containing a cycle of maximal length.) Perhaps it could be possible 
to show that any two vertices are on a common cycle of length at least 
n - 1. If we want any two vertices to be on a common cycle of small length 
we can prove that: 
3.4. THEOREM. Zf D is a digraph of order n, n 3 4, such that, for every 
vertex x, d+(x)> 1, d-(x)> 1, and [E(D)1 an’-2n+ 1, then any two ver- 
tices are contained in a cycle of length at most 4. 
This theorem is best possible for n Z 6 even if we assume D to be 2-con- 
netted in view of the following digraph: 
x Y 
(with no cycle of length < 4 containing x and y). 
Proof Let x and y be any two vertices in D and let e be the number of 
arcs between x and y. As IE(D)I > n* - 2n + 1, it follows that 
d(x)+d(y)>3n-5+e. (1) 
On the other hand, 
d(x)+d(y)d3(n-2)+ If+(y)nf-(x)l+2e, 
d(x) + d( y) < 3(n - 2) + [T+(x) n r-( y)l + 2e. 
(2) 
Let us assume e < 1, otherwise there is nothing to prove. 
Case 1. e = 1. Without loss of generality consider (x, y)eE(D). If 
I-‘+ ( y) n r- (x) # 0 the result is immediate. If not, we claim that there is 
an arc from f+(y) to f-(x). In fact, if this does not occur, then IE(D)( < 
(n-2)(n-3)- IF(y)1 [r-(x)1 +d(x)+d(y)- 1. But since (E(D)1 2 
n*-2n+ 1 and Ir’(y)l [r-(x)1 2 1, it follows that d(x)+d(y)>3n-3, 
contradicting (2). Thus, there is a cycle of length at most 4 containing x 
and y. 
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Case 2. e=O. In this case, r’(y)nT-(x) # @ and r+(x)n 
r- ( y) # 0. Otherwise, (1) and (2) would give a contradiction. If there is a 
vertex z in r+(y)nr-(x) and a vertex o in r+(x)nT-(y) such that 
z # o, then the result follows. If not, that is, if r+ ( y) n rp (x) = r+ (x) n 
r-(y)= (2) th en d+(y)+&(x)<n- 1 and d+(x)+d-(y)<n- 1. 
Therefore, d(y) + d(x) ,< 2n - 2, contradicting (1). 1 
Concerning the property the property (T), we only know the following: 
3.5. THEOREM. If D is a digraph of order n such that, for every vertex x, 
d+(x)>r, dP(x)>r, and (E(D)/ >n*-(r+ l)n+r(r+ l)+l, then D is 
hamiltonian-connected and thus has property (T). 
This theorem is best possible for n 2 2r f 1 even if we assume D strong in 
view of the following strong digraph which does not have property (T) and 
has n2 - (r + 1)n + r(r + 1) arcs: 
a 
If we now assume that D is r-connected, the conditions of Theorem 3.5. 
remain best possible to insure D to be hamiltonian-connected in view of the 
following r-connected digraph which has n* - (r + 1 )n + r(r + 1) arcs and is 
not hamiltonian-connected: 
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(with no hamiltonian path between two vertices of the K,*). However 
notice that this digraph has property (7’) except for r = 1. 
If r = 2 the conditions of Theorem 3.5 remain best possible to insure D to 
have property (T) in view of the following 2-connected digraph: 
(where no path a + c + b). 
However, for r>, 3 we do not know any r-connected digraph with 
n2 - (r + 1)n + r(r + 1) arcs which has not the property (T). 
In order to give similar theorems for 2-linked digraphs, we define the 
following digraphs: 
We will call G(n, r) the digraph which is the union of two complete 
digraphs on n-r + 1 and r + 1 vertices with two vertices in common and 
with all the arcs from the K,*- r+, to the K,*+ , . 
b’ 
b 
G1 G,(n) G3(n) 
All these digraphs do not have vertex disjoint paths from a to a’ and b to 
b’. 
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We call the opposite of a digraph D the digraph obtained from D by 
reversing the directions of all its arcs. 
3.6. THEOREM. If D is a digraph of order n, with IE(D)[ > n2 - 2n - 3, 
then D is 2-linked except if n > 4, IE(D)I = n2 - 2n + 3 and D is isomorphic 
to G(n, 2) (or its opposite) or to G,(5). 
Proof We omit the proof which is tedious but not difficult once one 
has noticed the given hypothesis implies that for every two vertices x and y, 
the length of a shortest path from x to y is at most 2. (Then using this fact, 
one can prove that D is 2-linked in a stronger sense that the paths can be 
chosen to have length at most 3.) 
3.7. THEOREM. If D is a digraph of order n, such that, for every vertex x 
d+(x)br, d-(x)>r, and lE(D)l>,n’-nr+r’-1, then D is 2-linked 
except tf IE(D)I =n’-nr +r2- 1, and D is isomorphic to G(n, r) or, for 
r= 3 to one of the digraphs G,, G,(n) or G,(n), or for r =2 to G,(5) (or 
their opposite). 
The proof is given in the Appendix. 
3.8. Remark. If r = 3 the theorem is best possible even if D is 3-connec- 
ted since G,(n) and G,(n) are 3-connected. 
APPENDIX 
A.l. Proof of Theorem 2.5. 
Let us consider three vertices a, b, c. We will show that there exists a 
path from a to c containing b except in the digraph of Fig. 1, or in any of 
its subdigraphs obtained by deleting some of the arcs (c, d), (d, a), or (c, a). 
Let us define: 
N=T+(b)nT-(b), M=r-(b)-N, P=T+(b)-N, 
R= V(D)- {NuMuPu {b)}. 
From the hypothesis D is 2-connected; so if (a, 6) or (b, c) is in E(D), the 
result is immediate. So we can assume that a is in Pu R and c in Mu R. 
We have by hypothesis, 
d+(b)= IPI + (NI a;, d-(b) = [MI + INI 2;. 
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/RI + [MI <I- 1, /RI + IPI <;- 1. (3) 
But then, as d+(a)>n/2, we have Ir+(a)n(MuN)(a2 and as 
d-frj>,n/2,we have \f-(c)n(PuN)l>Z. 
If a or c is in R, it is easy to find a path from a to c containing b. So we 
can assume now that a is in P and c is in M. But again the result is 
immediate except if we are in the following case: there exists a vertex din N 
with rP(c)n {NuP} = {a, d) and r+(a)n {NuM) = {c, d). 
But, from (3) and since d + (a) > n/2, this can only happen if n is even, 
IPuRI=(n/Z)-1, IMuRI=(n/2)-1 and we have T+(a)={c,d)u 
P-{a}uR, T-(c)={a,d}uM-{c}uR. 
Assume that there exists a vertex p in P- a. Since IT+ (p)l > n/2 and 
jPuRj=(n/2)-I, we have \r+(p)\n(MwNj>2. So there exists a ver- 
tex y in Mu N- {d} with (p, y) E E(D) and we get the path 
(a, p, y, b, d, c) if y is in N and the path (a, d, b, p, y, c) if y is in 44. 
Similarly there exists a path a + b -+ c if A4 is not reduced to the vertex c. 
Thus the only remaining case is when P = {a), M= (c} and therefore 
[RI = (n/Z) -2, INI = (n/2)- 1. If there exists an arc (v, s) (respectively 
(s, Y)) with Y in R and s in N- {d}, we find the path (a, r, s, b, d, c) (respec- 
tively (a, d, b, s, Y, c)). Otherwise the hypothesis of the theorem imply that 
R and N are complete, that there exist all the possible arcs between R and 
{a, c, dj, all the possible arcs from N- (dj to a and from c to N- jdf. So 
we get the announced digraphs. 1 
A.2. Proof of Theorem 3.3. 
Since it is very long and involves many cases, we only sketch it. 
We consider a strong digraph D with n vertices and n2 - 5n + 15 arcs, 
which satisfies d+(x) 2 2, d-(x) > 2 for every vertex x. We want to show 
that any two vertices are on a common cycle Let us first remark that, if x 
and y are adjacent, there is nothing to prove. Also it is not difficult to 
prove that the theorem is true is D contains a vertex x such that d(x) 6 4 
(The proof is left to the reader.) 
So in the following we assume that every vertex of D is of degree at 
least 5. 
We will need the two following results: 
A.2.1. LEMMA [3]. I f  D is Q digruph of order n and u a vertex of D such 
that d(u) > n + 1 and D - u is ham&onion-connected, then D is hamiltonian- 
connected. 
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A.2.2. THEOREM (Lewin [6]). If D is a digraph of order n with at least 
n* - 2n + 3 arcs, then D is hamiltonian-connected. 
The proof will now proceed as follows: in Part (a), we will show that we 
can reduce the problem either to the case where D contains two vertices x 
and y such that D - x - y is hamiltonian-connected, that we will consider 
in Part (b), or to special cases that we will consider in Part (c). 
Part (a): We can assume that D is not hamiltonian otherwise there is 
nothing to prove. Then, by Meyniel’s theorem (2.1) there exist two non- 
adjacent vertices x and y such that d(x) + d(y) < 2n - 2. We can assume, 
without loss of generality, that d(x) dn - 1. And we have 
IE(D-x-y)(3(n-2)*-3(n-2)+7. 
(a. 1) If, for every vertex z in D - x - y, we have d,f- I~ ,,(z) > 2 and 
dP D _ .‘i _ .(z) > 2, then, by Theorem 3.5, D - x - y is hamiltonian-connected 
(see Part (b)). 
(a.2) Otherwise there exists a vertex z in D-x - y such that, 
without loss of generality, d,+-,- ,(z) ,< 1 and then 
d,-,-,(z)<n-2. (4) 
So we have 
IE(D-x-y-z)l>(n-3)*-2(n-3)+4 (5) 
and, by Theorem A.2.2, D -x-y - z is hamiltonian-connected. If .Y 
(resp. y) has degree at least n - 1 in D - y - z (resp. D -x - z) then, by 
Lemma A.2.1, D - y - 2 (resp. D - x - z) is hamiltonian-connected. So we 
can assume that d DPY-Z(x)dn-2 and d,-.,-,(y),<n-2 so that we have 
dD(y)6n. 
By (4) we have d,- &z) <n. Consider the following cases: 
(a.2.1) If d,-,,(z) =n and d(x) = n- 1 then D contains the arcs 
(z, y) and ( y, z) and at least one arc between x and z. So there exists a 
path of length 2 between x and y containing z and, as D-x - y-z is 
hamiltonian-connected and d(x) > 5, d(y) > 5, D is hamiltonian, a con- 
tradiction. 
(a.2.2) If d, ..Jz-) = n and d(x) < n - 2 or if d,,(z) < n - 1 (since 
d(x)<n- 1) we get 
IE(D-x-z)1 b(n-2)*-3(n-2)+7. 
Then, either for every u in D-x-z, d,fP,-=(u)>2, d,-,+,(u)32 and, 
by Theorem 3.5, D -X -z is hamiltonian-connected. Or there exists a ver- 
tex u with d,t_ .~ ._ =(u) < 1 or d;- I _ - (u) 6 1. But in fact u = y otherwise we 
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would have d,-,_,,~Z(u)<n-3 and, by (5), IE(D-x-y-z-u)/ 2 
(n -4)(n- 5) + 2, which is impossible. So we have d,+-,+,(y)= 1 or 
d,-,- ,(Y) = 1. 
By (4) we also have d,-Jz)<n. If d,(y)=n and d,-,,(z)>n-1, D 
contains the arcs ( y, z) and (z, y) and at least one arc between x and z and 
we have the same configuration as in case (a.2.1). If d,(y) d n - 1, or if 
d,(y) =n and d,- ,,(z) <n - 2, we can repeat the same arguments of 
(a.2.1) and (a.2.2) by exJchanging x and y. So we find that either D- y-z 
is hamiltonian-connected or we have d,+- )‘~ =( x) = 1 or d,- ,,_ =(x) = 1. 
So, by symmetry we are left with two cases to consider: 
-either d& ,, I, = d;_~,-,( y) = 1; in this case it is easy to see 
that D is hamiltonian, a contradiction. 
- or d+ D~y~_(.~)=d~~,~I(y)= 1; in this case it is easy to find a 
cycle through any pair of vertices except for x and y; this case will be con- 
sidered in Part (c). 
Part (b): There exist two vertices x and y such that D-x - y is 
hamiltonian-connected. If x and y are adjacent, it is easy to see that D is 
hamiltonian. Let us assume x and y nonadjacent. If d(x) 2 n, then D - y is 
hamiltonian-connected by Lemma A.2.1 and D is hamiltonian. Similarly, if 
d(y) > n, D is hamiltonian. 
Also, D-x and D - y are hamiltonian. So, if there is more than one 
double arc incident with x or y, it is easy to find a cycle containing x and y. 
Then, to prove the theorem in this case, it is sufficient to find a cycle contain- 
ing x and y ifd(x)dn- 1, d(y)<n- 1 and each of the vertices x and y is 
incident with at most one double arc. 
The proof now splits into different cases, depending upon the degrees of 
x and y. We will consider the cases where two of the integers d+(x), d-(x), 
d+ ( y ), d- ( y) are equal to 2 in Part (c). So we can assume now, without 
loss of generality, that d+(y)33, d-(y)>3. 
Case (b.1) d(x) <n- 3. In this case IE(D-x)1 a(n- 1)2- 
4(n - 1) + 13. From Theorem 3.5 there exists a vertex z ( # y) in D -x such 
that d,‘-,(z) 6 2 or d;-,(z) d 2 (otherwise, D-x would be hamiltonian- 
connected and D hamiltonian). Then d,_,(z) d n and IE(D - x- z)[ 2 
(n - 2)” - 3(n - 2) + 8. 
Either, for every u in D -x - z, we have dD+PX--L(u) B 2 and 
d,-,-,(u)a2 and, by Theorem 3.5, D - x - z is hamiltonian-connected 
and there exists a cycle containing x and y. 
Or there exists a vertex u in D - x - z, u # y, such that d,+-,- Ju) < 1 or 
d,- ‘i--z (u)< 1 and then do-,-.(u)bn-2. So we have 
1E(D-x-z-u)13(n-3)2-2(n-3)+5 
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and, by Theorem A.2.2, D-x-z- u is hamiltonian-connected. It is now 
easy to find a cycle containing x and y. 
We will just give the other cases into which we have divided the proof 
without giving any details. 
Case (b.2) n-2<d(x)<n-- 1, d+(x)> 3, d-(x)> 3. Notice that if 
d(y) Q n - 3, we are in a case similar to (b.1) by exchanging x and y. So we 
can assume that n - 2 < d(y) < n - 1, 
Case (b.3): n-Z<d(x)<n-1, d+(x)=2 (or d-(x)=2). 
Part (c): We will now prove that if D is a digraph such that 
lIZ( 2 n* - 5n + 15, and x and y are two nonadjacent vertices of D such 
that d(x) 2 5, d(y) > 5, d+(x) = d- ( y) = 2, x and y adjacent to at most 
one double arc, then x and y are on a common cycle. We have 
IE(D)( = IE(D-x-y)1 +d-(x)+d+(y)+43n*-55n+15. 
Thus, if we denote by 0 the set of missing arcs in D-x - y we get 
\~I=(n-2)(n-3)-IE(D-x-y)l<d+(y)+d~(x)-5. (6) 
We assume that x and y are not a common cycle and we will show that 
this leads to a contradiction. 
Let us denote r+ (x) = { U, u’} and r- ( y) = {u, u’>. We divide the proof 
into several cases depending on the length p of a shortest path P from x 
to y. 
Case(c.1) p>5. Foreveryr in T+(y)- (u,u), (u,r) or (r,v) isin t7. 
For every s in f-(x) - { u’, u’f, (u’, s) or (s, u’) is in D. So we have 
101 >d+(v)+d-(x)-4, a contradiction with (6). 
Case (c.2) p < 3. Then, for every r in T+ ( y) - P and every s in 
T-(x)-P,risdifferentfromsand(r,s)isini;i.IfIT+(v)nPl~lweget 
101 >(d+(y)- l)(d-(x)-2) and by (6) we get (d+(y)-2)(d-(x)-3)6 
-1 which is impossible. Similarly, if )f - (x) n PI < 1 we get 
(d+(y) - 3)(d- (x) - 2) 6 -1. 
If Ir’(y)nPI=lf-(x)nPI=2 we get lUj>(d+(y)-2)(d-(x)-2) 
which gives (d+(y)- 3)(d-(x)- 3)<0. And this is impossible except if 
d+(y)=3 or d-(x)=3 and Iu\=(d*(y)-2)(d-(x)-Z). This implies 
that, for every s in Tf (x) - P and every r in r- ( y), (s, r) is not in 0 and 
then we can consider a new path leading to a contradiction. 
Case (c.3) p=4. By the same argument we get IO1 3 
(d + ( y) - 3)(d- (x) - 3) + 4 (the constant 4 in the inequality is obtained 
because there is no arc from r+(x) to r-(y)). So by (6) we have 
(d+(y) - 4)(d-(x) - 4) + 2 < 0 which is impossible if d+(y) > 4 and 
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d-(x)24 or d+(y)=d-(x)= 3. It remains to deal with the case 
d+(y)=3 and d&(x)>5 (or d-(x)=3 and d+(y)>5) and furthermore 
r+ ( y) is contained in P. 
Let us denote the path P (x, U, z, u, y). For every vertex w  different from 
x, u, z, u, y, (u, w) or (w, u) is in 0 (if not, we change the path P) and 
moreover (u, u) is in D. So 1 DI > n - 4 and, since by (6) d-(x) - 2 2 1U1, 
we get d- (x) 3 n - 2 which is impossible. 
A similar proof &n be developed in the case where d+ (x) = d+ ( y) = 2 
by considering this time the length of a shortest path between x and y. 1 
A.3. Proof of Theorem 3.7 
We keep the notations of the figures given in Section 3. We will need the 
following lemma, whose simple proof is left to the reader. 
A.3.1. LEMMA. If D is a graph and x a vertex of D such that D - x is 2- 
linked and d+ (x) 2 3, d- (x) 2 3, then D is 2-linked. 
The proof of the theorem is by induction on r and, for a fixed r, by 
induction on n. The theorem is true for r = 2 by Theorem 3.6. Let us 
assume r b 3. Then, for n 6 2r - 2 the theorem is true by Theorem 2.6. So 
we can assume n 2 2r - 1. 
If D contains a vertex x such that D -x is 2-linked then D is 2-linked by 
Lemma A.3.1. So we can assume that, for every vertex x, D-x is not 2- 
linked. This implies that, for every vertex x, d(x) > n + r - 1; otherwise if 
d(x) 6 n + r - 2 we get 
IE(D-x)lan’-rn+r2-l-(n+r-2) 
and, by induction hypothesis on r, since in D-x every vertex y satisfies 
d,+-,(y) 2 r - 1 and d;_,(y) > r - 1, D -x is 2-linked. 
(a) If D contains a vertex x such that d(x) = n + r - 1, the inequality 
given above shows that D-x is not 2-linked if, by induction hypothesis, 
D -x is isomorphic to G(n - 1, r - 1) or also, for r = 4, to the digraphs 
G,(n - I), G,(n - l), or G,, or also for r = 3 to G,(5). 
For simplicity we do not consider the possible isomorphism to the 
corresponding opposite digraphs but these cases also follow analogously: 
If D -x is isomorphic to G(n - 1, r - l), for every y in the 
K,* - (6, b’} we have d(y) =n + r - 3, thus, by (a) in D the arc (x, y) is 
double and d,(y) =n + r - 1. But since D- y is not 2-linked, and 
IE(D - y)J = IE(D - x)1, D - y must be isomorphic to G(n - 1, r - 1) or for 
r = 4 to the digraphs G2(n - 1) or G3(n - 1). If r 3 4 it is easy to see that 
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this implies that D is either 2-linked or isomorphic to G(n, r). If r = 3, since 
D-a is isomorphic to G(n - 1,2), x is joined in both directions to 2 ver- 
tices c and c’ of the K,*-, contained in this digraph and in one direction to 
its other vertices. 
If (b, 6’) n {c, c’} = 0, D is 2-linked; otherwise D is either 2-linked or 
isomorphic to one of the digraphs G,(n) or G,(n). 
If r = 4 and D - x is isomorphic to one of the digraphs G,(n - 1) or 
G,(n- l), d,-,(~)=d,~,(b)=n+ 1; thus the arcs (x, a) and (x, b) are 
double and d,(a) = n + 3. Since D-a is not 2-linked and 
jE(D --a)1 = IE(D-x)1, D-u must be isomorphic to G(n - 1,3), 
G?(n - 1 ), or G,(n - 1). But then it is easy to see that D is 2-linked. 
If r = 4 and D - x is isomorphic to G, , we have 
d,(x) = d,(a) = d&a’) = 10. Then, by considering D - a and D - a’ the 
conclusion easily follows. 
If r = 3 and D - x is isomorphic to G,(5) a careful examination of 
all possible cases shows that D is 2-linked except if D is isomorphic to 
G,, G,(6), or G,(6). 
(b) If, for every vertex x of D, we have d(x) > n + r, then, for 
every vertex x, we have d+(x) B r + 1 and d-(x) > r + 1. But then, by 
Theorem 2.5, we can assume that n 2 2r + 1 and furthermore that there 
exists a vertex x with d(x) < (n + 1)/2 + n - 1, that is d(x) d (3n - 1)/2. So 
we have 
IE(D-x)1 >n2-(r+s)n+r’-$, 
that is, 
IE(D-x)(a(n-l)‘-(r-i)(n--l)+r2-r-1. 
But we have n>,2r+l which implies IE(D -x)1 > (n - I)‘- 
r(n - 1) + r’ - 1. As, for every vertex y of D - x, we have d,f_,( y) 2 r and 
dip,(y) 2 r, by induction hypothesis we get, since D - x is not 2-linked, 
lE(D--x)l=(n-1)2-r(n-1)+r2-1, d(x)=(3n-1)/2, n=2r+l, and 
D -x is isomorphic to G(2r, r) or if r = 3 to G,(6), G,(6), or G,. 
If D-x is isomorphic to G(2r, r), let y be a vertex of one of the 
Kf, , - { 6, 6’) of G(2r, r). Its degree in G(2r, r) equals 3r - 1. But we can- 
not have d( )I) < (3~ - 1)/2, i.e., d(y) < 3r + 1, otherwise D - y would be 2- 
linked by the above calculus. Thus d(y) 2 3r + 1 and every vertex of 
G(2r, r) - {b, b’} is joined to x by a double arc so that d(y) = 3r + 1. Thus, 
since d(y)=d(x)=3r+l, IE(D-y)l=IE(D-x)1 and D-y is not 
isomorphic to G(2r, r), so D - y is 2-linked, which contradicts the 
assumption. 
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If r = 3 and then n = 7 and if D - x is isomorphic to G,(6) or G,(6), 
it is not difficult to see that D is 2-linked (either there is a vertex y of D - x 
such that D - y is 2-linked or it can be checked directly). 
If r = 3, n = 7, and D - x is isomorphic to G,, one can use the same 
arguments as in Case (a), r = 4 and D -x is isomorphic to G1 .I 
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